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Supplemental Material 

Appendix: This appendix documents additional information for readers who are interested in technical details.  

Supplemental Table 1. Definitions, mathematical forms and relationships among four functions regarding time to event in survival 

analyses (Pr: probability function; T: survival time, a random variable; t: a specific time point; Δt: a period of time; d: derivative; log: function of logarithm; ∫: 

integration) 

Functions of Time Definition Mathematical Form 

Survival, 𝑆(𝑡) The probability of an individual being free from an 

event beyond certain time point t 

𝑆(𝑡) = Pr(𝑇 > 𝑡) 

Cumulative incidence, 𝐹(𝑡) The probability of an individual experiencing an 

event before time t 

𝐹(𝑡) = Pr(𝑇 ≤ 𝑡) = 1 − 𝑆(𝑡) 

Hazard, ℎ(𝑡) The instantaneous (such that ∆𝑡 → 0) rate where 

the event occurs for an individual surviving at time 

t 

ℎ(𝑡) = lim
∆𝑡→0

Pr(𝑡 < 𝑇 ≤ 𝑡 + ∆𝑡|𝑇 > 𝑡)

∆𝑡
 

=
𝑓(𝑡)

𝑆(𝑡)
=
𝑑𝐹(𝑡) 𝑑𝑡⁄

𝑆(𝑡)
−
𝑑log{𝑆(𝑡)}

𝑑𝑡
 

Cumulative hazard, 𝐻(𝑡) The accumulation of hazard rate over time 
𝐻(𝑡) = ∫ ℎ(𝑢)𝑑𝑢

𝑡

0

 

= ∫ −𝑑log{𝑆(𝑢)}
𝑡

0

= −log{𝑆(𝑡)} 
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Supplemental Table 2: Analyses using one or both of cause-specific and sub-distribution hazards models for one or both of the event of interest and the 

competing event and the corresponding restrictions on hazard ratios. Note that Analyses #1 is of interest in most situations, including examples demonstrated in 

this manuscript. (ℎ1(𝑡|𝑿): cause-specific hazards rate for event of interest (subscript of 2 for competing event) conditional on covariates X; 𝜆1(𝑡|𝑿): sub-

distribution hazards rate for event of interest (subscript of 2 for competing event) conditional on covariates X)  

Analyses 

Cause-specific hazards models Sub-distribution hazards models 

Restrictions 
Event of 

interest (1) 

Competing 

event (2) 

Event of 

interest (1) 

Competing 

event (2) 

1 X  X  HR1,CS = SHR1 ≤ 1 +min [
{1−𝐹1(𝑡|𝑿

∗)}𝐹2
′(𝑡|𝑿∗)

𝐹1
′(𝑡|𝑿∗)𝐹2(𝑡|𝑿

∗)
]  

2  X  X HR2,CS = SHR2 ≤ 1 +min [
{1−𝐹2(𝑡|𝑿

∗)}𝐹2
′(𝑡|𝑿∗)

𝐹2
′(𝑡|𝑿∗)𝐹2(𝑡|𝑿

∗)
]  

3   X X 

SHR1 = log{P(𝐷 = 2|𝑿)} log{P(𝐷 = 2|𝑿∗)}⁄  and SHR2 =
log{P(𝐷 = 1|𝑿)} log{P(𝐷 = 1|𝑿∗)}⁄ . If P(𝐷 = 1|𝑿) > P(𝐷 = 1|𝑿∗), 
SHR1 > 1 and SHR2 < 1; if P(𝐷 = 1|𝑿) < P(𝐷 = 1|𝑿∗), SHR1 < 1 

and SHR2 < 1; if P(𝐷 = 1|𝑿) = P(𝐷 = 1|𝑿∗), SHR1 = SHR2 = 1 

4 X   X HR1,CSand SHR2 are inversely related in a weaker fashion 

5  X X  SHR1 and HR2,CS are inversely related in a weaker fashion 

6 X X X  

Under three proportionality assumptions, HR1,CS = SHR1 and then 

ℎ1(𝑡|𝑿) = 𝜆1(𝑡|𝑿), which is not possible because ℎ1(𝑡|𝑿) is greater than 

𝜆1(𝑡|𝑿) by definition  

7 X  X X 

Under three proportionality assumptions, HR2,CS = SHR2 and then 

ℎ2(𝑡|𝑿) = 𝜆2(𝑡|𝑿), which is not possible because ℎ2(𝑡|𝑿) is greater 

than 𝜆2(𝑡|𝑿) by definition 

8 X X  X 

Under three proportionality assumptions, HR1,CS = SHR1 and then 

SHR2 = 1, which is not possible because SHR1 and SHR2 have to be on 

opposite side of 1 

9  X X X 

Under three proportionality assumptions, HR2,CS = SHR2 and then 

SHR1 = 1, which is not possible because SHR1 and SHR2 have to be on 

opposite side of 1 
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Supplemental Figure 1. Examples of SAS programs for implementing cause-specific and sub-

distribution hazards models 


